Some Short Sequence and Series Strategies
Squeeze Theorem

If a, < by < ¢, fornznpandlima, =lim ¢, = L, thenlimb, = L

n-oo Nn- oo n-oo
Geometric Sequences

The sequence {f is convergent if -1 < g 1 and divergent for all other values of r.

) 0 if —1<r<1
limr =
1 ifr=1

n-o

Definition of Convergence for an Infinite Series
WhenS, = Z g, If im §, = S, for some finite numbeg, then the serieiak converges to the limt.
k=1 n-e k=1

Otherwise the series diverges.

Geometric Series
If |r| < 1, the geometric serieg; ar* =a+ar+ar’+ar®+... converges tGl—ir'
If a# 0 and |rk 1, the series (_jiverges.
(n™ Term) Test for Divergence

If lima, #0, then)  a, diverges.
k=1
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Integral Test for Positive Series

Suppose that, for x 1, the functiora(x) is continuous, positive and decreasing. Conglueseries

> a, and the integraj'lw a(x) dx
k=1

» If either diverges, so does the other.
» If either converges, so does the other. In thieca

Looa(x)dxsi a< .’11+J.1oo d xd

» If the series converges, then

j;la(x)dxs R= i gsj:’ 4 xd

k=n+1

p-Series (hyperharmonic) Test

The p-serieszk—lp convergesf and only ifp > 1
k=1



Comparison Test for Nonnegative Series
Suppose that fdc> 1, 0< a < be. Consider the two seri€s a, and > b,
k=1 k=1

If ibK converges, so doeglak : andiak < ibK
k=1 k=1 k=1

k=1

If > adiverges, so doe3 b,
k=1 k=1

Limit Comparison Test

a
Suppose thaX a, andZ b, are series with positive terms. lifln — = c where c is a finite number and
e

c>0, then either both series converge or both dever
Alternating Series Test

Consider the seried (-1)*" ¢, where
k=1

s 22 2...20;
* limg =0

k - o
Then the series converges, and its liglies between any two successive partial sums;stat each
n=1, eitherS, < S< S+ or S141 £ S< S, In particular $ — §| <Cn+1.

Absolute and Conditional Convergence

« If > |a|diverges but)’ a, converges, therp_ a, converges conditionally.
k=1 k=1 k=1

Yal<dlal
k=1 k=1

« If > |a|converges ther)_ a, converges absolutehnd
k=1 k=1

Ratio Test
Suppose thaEak is a series and thfm G| = L
k=1 ~® A,

« IfL<1,then) a converges conditionally.

k=1
« IfL>1, (orL »)then) a, diverges.
k=1
* IfL =1, either convergence or divergence is pgassso the test is inconclusive.

Root Test

@ If LITO 2/ an| = L <1, then the serie§ a_is absolutely convergent.

n=1

(i) If lim {/ an| =L>1orL - thenthe serie§ a_is divergent.
n-oo

n=1

(iIf lim {/ an| =1, then the test in inconclusive.
n- oo




Power Series

Let S(X = Z G ( X= a)k be a power series then there are only three ptissti
k=0

() The series converges only when a.
(i) The series converges for all
(i) There is a positive numb@& such that the series converge i a|] < Rand diverges ifx - a| > R.

Derivatives and Integrals of power series.

If the power seriesZck (x— a)k has a radius of convergenRe> 0, then the functiohdefined by

f(x)= Z G, ( X— a)k is differentiable (and therefore continuous) onittterval @—R, a + R) and
k=0

() 100=g+2¢(x 9+3g(x &' +.=3 kel x K

. _ gy, (-d, e (=37
(||)If(x)dx—C+g(x 3+ ¢ TR At (}é e

The radii of convergence of the power series indfigas (i) and (ii) are both R.
Maclaurin Series

Letf be any function with infinitely many derivativesxa= 0. TheMaclaurin seriesfor f is the series
£ ()

©) wherek =0, 1, 2, ...

Zakxk , with coefficients given by, = "
k=0 .

Taylor Series

o £ (g
TheTaylor seriesfor f, expanded about= a, has the form) kl( )(x— a)k.
k=0 :

Taylor’'s Theorem

If ‘f(“ﬂ)(x)‘ < M for |x— a| < d, then the remaindé®,(x) of the Taylor series satisfies the inequality:

M
(n+1)!

IR (%) =] f(¥ - T(3< | % &" for [x-4<d



Familiar Limits of Sequences
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