AP Calculus BC
Lesson 12.10 Taylor Series

1. (a) Find a fourth degree polynomiakuch thaP(0)=P'(0)=P'(0)=P (0)=P (0)= 1.

(b) Find amth degree polynomidD such thaQ™(0) = 1, wheren is a nonnegative integer.

(c) Find an infinite polynomiaR such thaR™(0) = 1, wheren is a nonnegative integer. What is the
interval of convergence for this series?

(d) What isR(X)? What is the interval of convergence for thisesst What i9(x)?



2. (a) Find a fifth degree polynomilsuch thaP™(0) = sirf(0).

(b) Extend this polynomial to a power series foig. For what values of does it converge?

(c) Find a power series for cak(What is the interval of convergence for thiges?



3.

Consider the functiog(x) = x°* - 4¢ + 5 + 7.

(a) Write an equivalent polynomial of the forgfx) = a(x - 2)° + b(x - 2f + c¢(x - 2) +d.

(b) Letf be a function with derivatives of ordefork =1, 2, 3, ...N in some interval containingas an
interior point. Then, for any integarfrom 0 toN, theTaylor polynomial of ordern generated bf/at
ais the polynomial

n £ (K
P (x) = Zf (a)(x a)

=0

Find the Taylor polynomial33( ) f order (degree) 3 generateddgt 2.

(c) What connections, if any, do you see betweerptilynomial you found in part a) aRg(x)?



(@) Find the Taylor polynomial of order 10 f¢x) = cosk) ata = 0.

(b) LetS be the sum of the firdtnonzero terms of the Taylor polynomial.
Draw the graphs of =f(x) andy = Py(x) for k= 1, 2, 3,4, 5.

(c) Consider the power series generated by theoT aglynomial you found. What is the interval of
convergence of this power series?



For each function below, find the Taylor polynals generated at the given valueaof

a. f(x)=e¢“ata=0

b. g(x)=In(1+x) ata=0

c. h(x)=sin(x) ata=0

d. j(x)=sinx ata=m



6. (a) Use Taylor's Inequality (also called the taagge error estimation theorem) to determine h@amym
terms of the Maclaurin series fef must be used to approximatevith an error no more that0™®.

Taylor’'s Inequality (Lagrange remainder estimatibeorem)
If ‘ f ‘”ﬂ)(x)‘ <M for |x— a| < d, then the remaindeR (x) of the Taylor series satisfies the inequality

R,(¥)| <

n+l

x—al for|x-a/<d

2
(b) For what values of can we replaceosx by 1—% with an error no more that0™*. Confirm by two

methods.



7. Find the Maclaurin series for each of the follagvfunctions.

2

a. f(x)=¢e>

b. g(x)=sin(2)




8. Find the Maclaurin series for each function, datermine its radius of convergence.

a. f(x)=(1+x)" for constantn.

b. (1+x)

c. f(x)=+v1+x

d. g(x)=(9+x)"



0.2 2 .
9. a) Use aninfinite series to compq'ge e * dx correct to three decimal places.

sin(x)
b. Computej':zf (x) dx, where f(x)=< x ' X , accurate to three decimal places.
1, x=0



10. (1995BC4) Letbe a function that has derivatives of all ordersdil real numbers.
Assumef(1) = 3,f(1) =-2,f (1) = 2, and’ '(1) = 4.

(a) Write the second-degree Taylor polynomialffaboutx = 1 and use it to approximdi@.07).

(b) Write the third-degree Taylor polynomial foaboutx = 1 and use it to approximéaid.2).

(c) Write the second-degree Taylor polynomialffothe derivative of, aboutx = 1 and use it to
approximatd’(1.2).
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11. (1996 BC2) The Maclaurin series foq) is given byl+l+x— + X5 ot X
21 31 4] (n+1)!

+ ...

(@) Findf'(0) andf*"\0).

(b) For what values of does the given series converge? Show your reagoni

(c) Letg(x) =xf(x). Write the Maclaurin series fgfx), showing the first three nonzero terms and the
general term.

(d) Writeg(x) in terms of a familiar function without using &=. Then, writd(x) in terms of the same
function.



12. (1997 BC2) LeP(X) = 7 - 3k - 4) + 5 - 4Y - 2(x - 4)*+ 6(x - 4)* be the fourth-degree Taylor polynomial
for the functionf about 4. Assumthas derivatives of all orders for all real numbers

(a) Findf(4) andf'(4).

(b) Write the second-degree Taylor polynomialffaround 4 and use it to approximé(g.3).

(c) Write the fourth-degree Taylor polynomial fj{x) = J.: f(t) dt about 4.

(d) Canf(3) be determined from the information given? idyigbur answer.



